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Abstract
We consider a magnetic Bianchi I braneworld, embedded in between two Schwarzschild-
AdS spacetimes, boosted equal amounts in opposite directions and compare them to
the analagous solution in four-dimensional General Relativity. The efficient dissipation
of anisotropy on the brane is explicitly demonstrated, a process we dub braneworld
isotropization. From the bulk point of view, we attribute this to anisotropic energy
being carried into the bulk by hot gravitons leaving the brane. From the brane point
of view this can be interpreted in terms of the production of particles in the dual CFT.
We explain how this result enables us to gain a better understanding of the behaviour
of anisotropic branes already studied in the literature. We also show how there is
evidence of particles being over-produced, and comment on how this may ultimately
provide a possible observational signature of braneworlds.
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1 Introduction
The most recent data from WMAP suggests that the Cosmic Microwave Background (CMB)
is isotropic to within one part in 105 [1]. Why is our universe so isotropic? This has
been an important question in cosmology ever since the CMB’s discovery back in the mid
1960s [2]. The obvious way to approach this is to assume that the universe began in a highly
anisotropic state, and ask what dynamical mechanism caused the universe to shed nearly all
its anisotropy, leaving behind the highly symmetric state we observe today.
The most popular mechanism is, of course, inflation [3]. In inflation, almost all anisotropy
was diluted away during a period of accelerated expansion in the early universe. The ac-
celerated expansion was driven by a scalar field rolling slowly down its potential, closely
resembling a positive cosmological constant. Indeed, it can be shown that in the presence of
a positive cosmological constant, all but one of the Bianchi models1, describing a homoge-
neous but anisotropic cosmology, evolve asymptotically to an isotropic de Sitter solution [5].
However, there is still an ongoing discussion on how fine-tunned the initial conditions should
be to get a sufficiently flat, homogeneous and isotropic universe after inflation (see [4] and
references therein).
It is often easy to forget that before inflation, plenty of other “isotropization”mechanisms
were put forward, with varying degrees of success. The earliest was probably the “phoenix”,
or “oscillatory”, universe [6], which expands for a while, recollapses towards a bounce, and
then starts to expand again. As entropy builds up after each oscillation, it was argued that
the period of oscillation increased, and the universe approached an isotropic, homogeneous
state of thermal equilibrium. Although these ideas ran into problems with inevitable singu-
larities [7], they have been revived recently with the advent of the cyclic universe [8] and a
possible resolution to its singularity [9].
Another means of damping anisotropy is particle production due to quantum effects at
very early times [10]. Energetically, this can be understood as anisotropy being converted
into thermal radiation. If, for example, the universe were contracting along one direction,
but expanding along the others, the momenta of virtual particles would be blueshifted along
the contracting direction. This would make the virtual particles more likely to materialize as
real particles, drawing energy from the contraction, and lowering the amount of anisotropy.
However, if we assume an arbitrarily large amount of initial anisotropy, a huge amount of
thermal radiation would need to be produced to account for the levels of isotropy seen in the
CMB, and as a result, the photon-baryon ratio would massively exceed its observed value [11].
Particle production alone cannot, therefore, account for enough dissipation, and we typically
assume it to be one of many contributing factors, including neutrino viscosity [12], and,
inevitably, inflation.
In this paper, we point out another mechanism for dissipating anisotropy: braneworld
isotropization. Consider a Randall-Sundrum type braneworld [13], and assume it is highly
anisotropic. As the brane evolves, the anisotropic energy on the brane leaks into the bulk,
and the brane becomes rapidly more isotropic, whilst the bulk becomes less homogeneous
and/or less isotropic. To get a feel for how this works consider the projection of the Einstein
1The exception is Bianchi IX.
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equation onto a Randall-Sundrum braneworld [14], schematically given by
Gµν(γ) = 8πG4Tµν +G
2
5(Tµν)
2 −Eµν , (1)
where G4 and G5 are the brane and bulk Newton’s constants respectively, and Tµν is the
energy-momentum tensor for matter on the brane. Note that we have a non-local piece, Eµν ,
which is the electric part of the bulk Weyl tensor, projected onto the brane. The “anisotropic
energy density” on the brane, in the sense described in [12], is stored in the local geometrical
piece, Gµν , and as the brane evolves, this energy is transferred into the bulk through the
bulk Weyl term, Eµν .
The contribution of the bulk Weyl term is often best understood holographically (see, for
example [15]) using the braneworld version of the AdS/CFT correspondence [16, 17]. This
states that Randall-Sundrum braneworld gravity is dual to a CFT, with a UV cut-off, coupled
to gravity in 3 + 1 dimensions. It follows that a classical source on the brane behaves like
a quantum source in 3 + 1 dimensons, in the sense that it has been dressed with quantum
corrections from the CFT [18]. The anisotropy dissipation process we have just described can
now be interpreted as particle production in the CFT. Energy is drawn from the anisotropy
to fuel the production of CFT particles, leading to isotropization on the brane.
There is already evidence in the literature for braneworld isotropization. Consider, for
example, the quest to find anisotropic geometries supporting a perfect fluid. This is easy
enough in four-dimensional General Relativity, the Bianchi or Kantowski-Sachs metrics being
good examples [19, 40]. In brane cosmology, full solutions have not been so easy to find [20,
21, 22], and only a rather contrived set of kasner-like solutions are known exactly [21, 22].
Indeed, one can prove that if the bulk is static, an anisotropic brane cannot support a perfect
fluid [21]. This result can now be easily understood: particle production in the CFT leads
to dissipation of anisotropy over time. From the 5D point of view, the leaking of anisotropy
into the bulk prevents it from being static. Another interesting example of braneworld
isotropization lies in the study of anisotropy dissipation in braneworld inflation [23]. There
it was noticed that inflation begins sooner than it would in 4D General Relativity. We
attribute this to particle production in the CFT drawing its energy from the anisotopy,
aswell as the kinetic energy of the inflaton.
In this paper, we demonstrate braneworld isotropization explicitly by means of a concrete
example. We generate the initial anisotropy on a Bianchi I braneworld by means of a constant
magnetic field. Unlike much of the existing literature on anisotropic braneworlds the full
bulk solution is known, corresponding to the planar limit of two boosted Schwarzschild-AdS
black hole spacetimes, cut and pasted together to form the brane in the usual way. Because
the brane embedding is highly non-trivial when viewed in global coordinates, it is convenient
to work in a boosted coordinate system on either side of the brane, so that the bulk metric
resembles the planar limit of two particular Myers-Perry-AdS spacetimes [24, 25]. The boosts
are equal and opposite on either side of the brane, so one may think of the corresponding
Myers-Perry solutions as having equal and opposite angular momentum. We then track the
brane’s evolution, paying particular attention to the anisotropic shear, and compare it to
the corresponding scenario with the same source in four-dimensional General Relativity. As
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expected, the shear anisotropy dissipates far quicker in the Randall-Sundrum braneworld
scenario, than in 4D GR.
A study of magnetic fields on a braneworld is also important in its own right. One of
the great puzzles in astrophysics concerns the origin of large magnetic fields in galaxies and
galaxy clusters (for an excellent review of magnetic fields in the early universe, see [27]). It
has been argued that these fields were generated by a galactic dynamo process [28], sourced
by a smaller pre-galactic “seed” field. However, one still has to account for the origin of the
seed field, and even then the efficiency of this process has been brought into question [29].
We are naturally led to consider the possibility that galatic fields result from large scale
primordial fields left over from the big bang. In the standard cosmology, one can place
bounds on the size of a large scale primordial magnetic field from nucleosynthesis (B . 10−7
G) [30], and from CMB temperature fluctuations (B . 10−9 G) [31]. Given that the CMB
bound is the stronger, we might speculate that this bound is weakened in a braneworld
context, due to isotropization.
Magnetic fields on branes have been considered in the past [32, 33], although a full
knowledge of the bulk has been absent. Whilst it is true that one can certainly learn a lot
without full knowledge of the bulk, we believe it is a dangerous game to play. It is not at all
obvious that a bulk solution that is regular near the brane evolves into something regular
far from the brane. A good example of this is the black string solution [34] which is regular
near the brane, but singular on the AdS horizon.
The rest of this paper is organised as follows. In section 2, we review the Bianchi I solution
for a constant magnetic field in four-dimensional General Relativity. For completeness,
and in keeping with supernovae observations [37], we will allow for a positive cosmological
constant that can be set to zero if necessary. In section 3, we introduce a certain Myers-
Perry-AdS black hole in five dimensions, and take the planar limit, so that we end up with
planar Schwarzschild-AdS in boosted coordinates. We then cut and paste two equal and
oppositely boosted black holes onto one another, in the usual way, in order to form a Bianchi
I braneworld, supported by brane tension, and a constant magnetic field. In section 4 we
compare the two scenarios, with special emphasis on the dissipation of anisotropy, and the
effect of particle production in the CFT. Finally, in section 5, we summarize our results.
Our conventions follow the Landau-Lifshitz notation for the curvature tensors, and we
use a (−,+, ...,+) signature for the metric.
2 A homogeneous magnetic field in 4D GR
Let us begin with a review of homogeneous magnetic fields in four-dimensional General Rel-
ativity. As we have already mentioned, a large scale magnetic field of this type could be left
over from the big bang, and may provide the seed for fields seen in galaxies and galaxy clus-
ters. In particular, we will study four-dimensional Einstein-Maxwell theory in the presence
of a cosmological constant, Λ4. The cosmological constant has been included for both com-
pleteness and phenomenological reasons [37]. Since we will ultimately be comparing rates
of isotropization in 4D GR and on the brane, we might be concerned that the cosmological
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constant will play the dominant role in each case and make comparisons difficult. As Wald
proved [5], this is indeed the case, but we can account for it, and in any case, we can always
set the cosmological constant to zero if we so desire.
The action for the system is
S =
∫
d4x
√−γ
[
1
16πG4
(R− 2Λ4)− 1
4
F µνFµν
]
, (2)
where G4 is Newton’s constant in four dimensions and γµν is the metric of the spacetime
spanned by the coordinates (t, x, y, z). We will assume that the cosmic plasma is a per-
fect conductor, and so any primordial electric field is screened by the plasma in the early
universe. We are therefore only left with a primordial magnetic field, which we take to be
homogeneneous, and directed along (say) the x direction. The field is assumed to be “frozen
in”, with strength proportional to the density of the field lines, expanding with the plasma
in the yz plane. If the scale factor in the yz plane is given by r, it follows that the field
strength goes like B ∝ 1/r2.
Whilst homogeneity is preserved, the magnetic field breaks isotropy, so the universe can
be described using the Bianchi I model, with metric
ds24 = γµνdx
µdxν = −dτ 2 + λ(τ)2dx2 + r(τ)2(dy2 + dz2). (3)
Given that the only non-zero components of the field strength are given by F yz = −F zy =√
2b/r(τ)2, where b is a constant, one can easily check that Maxwell’s equations are satisfied,
∇µF µν = 0 = ∇[αFµν]. (4)
The remaining equations of motion are given by Einstein’s equation with a cosmological
constant
Gµν + Λ4γµν = 8πG4Tµν , (5)
where Gµν is the Einstein tensor and Tµν is the energy momentum tensor coming from the
magnetic field. This is given by
T µν = −
(
F µγF
γ
ν − 1
4
δµνF
γ
δF
δ
γ
)
= diag
(
− b
2
r4
,− b
2
r4
,
b2
r4
,
b2
r4
)
, (6)
Note that we could have obtained the same energy momentum tensor using an electric field
configuration with the same anisotropic structure. However, as we have already mentioned,
such a scenario would not be physically relevant as the electric field would be screened by
the plasma in the early universe.
Provided r(τ) is not constant, it is convenient to treat λ as a function of r, so that
Einstein’s equations (5) lead to the following
(
r2(λ2)′′ − 2λ2) r2Λ4 + 8πG4b2(r2λ2)′′
r2
= 0, (7)
r˙2
(
r(lnλ2)′ + 1
)− Λ4r2 − 8πG4b2
r2
= 0, (8)
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where ′ ≡ ∂r and ˙≡ ∂τ . Our way of parametrising λ is particularly useful for analysing the
rate of isotropization, since one could define cosmic time using r, as opposed to τ , and track
the evolution of λ using equation (7). Indeed, although equation (7) is non-linear, it turns
out that it has a simple analytic solution given by [40, 41]
λ2 = r2 − 24πG4b
2
Λ4r2
+
c
r
, (9)
where c is an integration constant. Plugging our solution back into (8), one finds that
(
r˙
r
)2
=
Λ4
3
λ2
r2
=
Λ4
3
− 8πG4b
2
r4
, (10)
where we have set the integration constant c = 0 for simplicity. Equation (10) is consistent
with our assumption that r(τ) is not constant. Indeed, we can solve equation (10) explicitly
to give
r(τ) =
(
24πG4b
2
Λ4
) 1
4
√√√√cosh
(√
4Λ4
3
(τ − τ0)
)
, (11)
λ(τ) =
(
24πG4b
2
Λ4
) 1
4 sinh
(√
4Λ4
3
(τ − τ0)
)
√
cosh
(√
4Λ4
3
(τ − τ0)
) , (12)
where τ0 is a constant. It is easy to see that the yz plane expands quicker than the x
direction. This is because the magnetic field exerts negative pressure in the transverse
directions, leading to a greater expansion rate. If we consider photons propagating in such
a background, those travelling in the yz plane will be redshifted more than those travelling
along the x direction. In a more phenomenological scenario, this effect leads to temperature
anisotropies in the CMB which can then be used to place bounds on the size of the magnetic
field [31].
We conclude this section by going back in time, and examining the behaviour close to the
singularity, at which point λ vanishes, while r remains non-zero. Close to the singularity,
our solution approaches a Milne universe, as we might have expected from the ultralocal
behaviour [38]. The Milne universe is a stable Kasner solution that does not undergo any
Kasner bounce or oscillation2. If we consider c & 1, the solution close to the singularity
approaches the other Kasner solution given by ds2 = −dτ 2 + τ−2/3dx2 + τ 4/3(dy2 + dz2).
We can therefore think of c as a measure of “vacuum anisotropy”, breaking anisotropy even
when there is no magnetic field. Later on we will briefly discuss its role in the evolution of
the anisotropy parameter.
2It is a stable solution only in the case of having an axial symmetry, otherwise any small fluctuations can
lead to a complete different trajectory in the Kasner space, as one can see from the billiard picture of the
Bianchi solutions (see for example [39]).
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3 A magnetic brane in a boosted Schwarzschild bulk
Whereas there is a wealth of literature discussing large scale magnetic fields in standard four-
dimensional General Relativity, there is far less known about magnetic fields on Randall-
Sundrum type braneworlds. To our knowledge, existing studies (see, for example, [32, 33,
35, 36]) have all been carried without a complete description of the bulk geometry. In our
view, this is a dangerous game to play since there is no reason to believe that a solution
that is regular near the brane is also regular deep inside the bulk. Indeed, it is well known
that the effective gravitational equations on the brane are not closed, and that in general
one must first solve for the bulk before solving for the brane [14]. This is the approach we
will take here.
In the single brane Randall-Sundrum scenario [13], our universe corresponds to a 3-
brane embedded in a five-dimensional anti-de Sitter space. All standard model fields and
interactions are confined to the brane, although gravity is allowed to propagate through the
bulk. The bulk contains no energy-momentum other than a negative cosmological constant,
although matter excitations on the brane can alter the geometry of the bulk. How would a
braneworld magnetic field alter the bulk geometry?
To get an idea of what happens, consider the case of a cosmological brane supporting a
perfect fluid. A generalised form of Birkhoff’s theorem guarantees that the bulk geometry
is a piece of AdS5 or Schwarzschild-AdS5 [26]. It has been argued that thermal radiation of
gravitons off the brane carries energy into the bulk, unavoidably leading to the formation of
the bulk black hole [43]. This will also be the case for a braneworld magnetic field, although
isotropy will now be broken on the brane. However, we might also consider the possibility
that the graviton radiation will not only carry energy into the bulk but also momentum, in
equal and opposite amounts on either side of the brane. This suggests that the bulk may
well be described by the planar limit of a Myers-Perry-AdS5 solution [24].
In five dimensions, a black hole may carry two independent angular momenta (J1, J2)
in its two orthogonal planes of rotation, so that the general solution is quite complicated.
However, we will focus on a special case for which the solution for a rotating black hole
simplifies considerably, as we shall now demonstrate. Consider first the general Myers-
Perry-AdS5 solution [24] with J1 6= J2, which has isometry group R × U(1)2. If one takes
equal angular momenta in the orthogonal planes, J1 = J2, then the isometry is enhanced
3 to
R×SU(2)×U(1) . Let r be the radial coordiante of the black hole. The important property
of the J1 = J2 Myers-Perry solution is that the surfaces of constant r are homogeneous
spaces. While the event horizon of a static black hole is a round S3, the event horizon of the
J1 = J2 Myers-Perry is a homogeneously squashed S
3. This makes the solution particularly
suitable for embedding homogenenous but anisotropic Bianchi braneworlds.
In asymptotically anti-de Sitter space, the simplified Myers-Perry solution can be writ-
ten [24]
ds2 = −f 2dt2 + g2dr2 + h
2
4
(dψ + sin θdφ− Ωdt)2 + r
2
4
(dθ2 + cos2 θdφ2), (13)
3Note that for Schwarzschild, the isometry group is R× SU(2)× SU(2).
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where
f 2 =
r2
g2h2
, h2 = r2
(
1 +
2ma2
r4
)
, Ω =
4ma
r4 + 2ma2
,
g−2 = 1 + k2r2 − 2mΞ
r2
+
2ma2
r4
, Ξ = 1− k2a2, (14)
and the angles range over the following values: 0 ≤ ψ ≤ 4π, 0 ≤ φ ≤ 2π, 0 ≤ θ ≤ π. Note
that we have shifted θ → θ − π/2 relative to standard conventions for reasons that will
become apparent shortly. Provided m ≥ 0, Ξ > 0, there is a regular event horizon at the
largest root of g−2. The Myers-Perry-AdS5 solution satisfies the vacuum Einstein equations
with negative cosmlogical constant and the Ricci tensor satisfies Rab = −4k2gab where k is
the inverse AdS5 radius. We can relate the parameters (m, a) to the total energy and angular
momenta of the black hole via
E =
πm
4G5
(
3 + a2k2
)
, Jψ =
πma
G5
. (15)
where G5 is the five-dimensional Newton’s constant. Since we will be interested in Bianchi
I braneworlds of the form (3), it is convenient to consider the planar limit of the metric
(13). This can be obtained by ‘zooming’ into the horizon as follows. For constant ǫ, we first
redefine the coordinates
t→ ǫt, r → r
ǫ
, θ → ǫY, ψ → ǫX, φ→ ǫZ, (16)
and rescalem→ ǫ−4m. Now take the limit ǫ→ 0, to give a two-parameter solution describing
a planar “black hole”, with a flat R3 horizon4
ds2 = −f 2dt2 + g2dr2 + h
2
4
(dX − Ωdt)2 + r
2
4
(dY 2 + dZ2). (17)
The metric functions are the same as those given in (14), with the exception of g, which now
takes the form
g−2 = k2r2 − 2mΞ
r2
. (18)
This solution is in fact planar Schwarzschild-AdS5, written in a boosted coordinate system.
To see this, consider the planar Schwarzschild-AdS5 metric
ds2 = −V (r)dtˆ2 + dr
2
V (r)
+ r2(dXˆ2 + dYˆ 2 + dZˆ2), V (r) = k2r2 − 2mΞ
r2
. (19)
and transform to a boosted coordinate system, given by
tˆ =
1
Ξ
(
t+ a
X
2
)
, Xˆ =
1
Ξ
(
X
2
+ k2at
)
, Yˆ =
Y
2
, Zˆ =
Z
2
. (20)
4Strictly, the planar solution is not a black hole since it has a non-compact horizon.
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An observer at r → ∞ using Schwarzschild time, tˆ, will measure the following bulk energy
and momentum,
Eˆ =
3mΞ
8πG5
∫
dXˆdYˆ dZˆ, PˆXˆ = PˆYˆ = PˆZˆ = 0. (21)
However, the boosted observer, using time, t, will measure different energy and momentum,
which can be easily calculated using either background subtraction [45] or the boundary
counterterm method [46], to give
E =
m
64πG5
(3 + a2k2)
∫
dXdY dZ, PX =
ma
16πG5
∫
dXdY dZ, PY = PZ = 0. (22)
Notice the similarity with the original expressions (15) for the energy and angular momentum
of the Myers-Perry solution. Although these expressions are clearly divergent due to the
infinite volume integral, we will eventually make use of the “densities”, E = E/ ∫ dXdY dZ
and PX = PX/
∫
dXdY dZ, which, of course, remain finite and well defined. The key point
to note is that the boosted observer actually measures non-zero momentum along the X-
direction. We expect the same to be true for an observer on the brane, since the presence
of the magnetic field, and the breaking of isotropy leads to equal and opposite momentum
being carried into the bulk by hot gravitons.
3.1 Embedding the brane
We now turn our attention to constructing the brane. We will do this in the usual way, cutting
and pasting together two 5D spacetimes,M+ andM−, in such a way that the Israel junction
conditions [44] are satisfied across the brane, Σ = ∂M± (see, for example, [26]). Although
it is straightforward to embed a homogeneous and isotropic brane in a static Schwarzschild-
AdS bulk [26], the situation for an anisotropic brane is obviously more complicated. It turns
out that these difficulties can be alleviated somewhat by working in a boosted coordinate
system, as opposed to global coordinates in the bulk. For this reason we have chosen M+
and M− to correspond to the simplified planar solution (17) but with equal and opposite
momentum, P+X = −P−X . InM±, the metric is therefore given by
ds2 = g±abdX
adXb = −f 2dt2 + g2dr2 + h
2
4
(dX ∓ Ωdt)2 + r
2
4
(dY 2 + dZ2). (23)
We require the bulk momentum to flip sign because we will be constructing a non-rotating
Bianchi I brane. This makes sense when one considers gravitons carrying thermal radiation
into the bulk. By conservation of momentum, a graviton carrying positive momentum into
M+ must be compensated for by a graviton carrying negative momentum into M−.
On each side of the bulk, the brane can be regarded as a boundary surface, Σ = ∂M±,
described by the following embedding,
t = t(τ), r = r(τ), X = x±
∫ τ
Ω(r(τ ′))t˙(τ ′)dτ ′, Y = y, Z = z, (24)
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where t(τ) and r(τ) are chosen so that
−f 2t˙2 + g2r˙2 = −1. (25)
In both cases the bulk geometry corresponds to 0 < r < r(τ), which means we retain the
black hole, as opposed to the asymptotic region. The induced metric on the brane now takes
the Bianchi I form
ds2b = γµνdx
µdxν = −dτ 2 + h(r(τ))
2
4
dx2 +
r(τ)2
4
(dy2 + dz2). (26)
Let us suppose that the brane has tension, σ, and supports a magnetic field with energy
momentum tensor (6). The Israel equations [44] require that
K+µν −K+γµν +K−µν −K−γµν = 8πG5(−σγµν + Tµν), (27)
where K±µν is the extrinsic curvature of the brane in M±. We define it as Kµν = 12Lnγµν ,
the Lie derivative of the induced metric on Σ = ∂M± with respect to the normal pointing
out of M±. Note that our convention differs slightly from the one used in [44] in that we
have taken the normal to flip direction as we cross the brane.
The off-diagonal components of the Israel equations (27) vanish identically on account
of the two bulk black hole having equal and opposite momenta. Although the diagonal
components are non-zero, given the constraint (25), it turns out there are only two more
independent equations of motion:
2f t˙
g
∂r ln(hr
2) = −8πG5
(
σ +
b2
r4
)
, (28)
2f t˙
g
∂r ln(h/r) = 16πG5
b2
r4
. (29)
These two equations are consistent if and only if a2 = 3b2/2mσ, illustrating explicitly how
a magnetic field on the brane must be supported by momentum in the bulk. Combining
equations (25), (28) and (29), we find that(
r˙
r
)2
=
(
4πG5σh
2
3r2
)2
− 1
r2g2
. (30)
When the magnetic field is absent (b = 0), note that the the system reduces to a homogeneous
and isotropic brane embedded in unboosted AdS5 or (planar) Schwarzschild-AdS5 bulk as
one might have expected [13, 15]. One can easily check that the brane cosmological constant
can be given in terms of the tension and the bulk cosmological constant
Λ4 = 3
[(
4πG5σ
3
)2
− k2
]
, (31)
in agreement with the standard result (see, for example, [13, 26, 15]). If m 6= 0, the black
hole mass is seen as dark radiation by an observer on the brane [15]. When we switch on the
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magnetic field (b 6= 0), gravitons carry momentum into the bulk (ma 6= 0), and the brane
turns into a Bianchi I universe. We can compare this directly with the Bianchi I universe
derived in the previous section for standard 4D GR by transforming coordinates x → 2x,
y → 2y and z → 2z. Then the brane metric (26) takes the form (3) but with
λ2 = h2 = r2 +
3b2
σr2
, (32)
and (
r˙
r
)2
=
(
4πG5σλ
2
3r2
)2
− k2λ
2
r2
+
2m
r4
. (33)
Now Newton’s constant on the brane is given in terms of the bulk Newton’s constant as
follows [13, 26, 15]
G4 = G5
(
4πG5σ
3
)
. (34)
Using (31) and (34), we can rewrite equations (32) and (33) in terms of 4D quantities,
λ2 = r2 +
12πG4b
2
(Λ4 + 3k2)r2
, (35)(
r˙
r
)2
=
Λ4
3
+
(
2Λ4 + 3k
2
Λ4 + 3k2
)
4πG4b
2
r4
+
2m
r4
+
3
Λ4 + 3k2
(
4πG4b
2
r4
)2
. (36)
Of course, k measures the bulk AdS curvature, and is not a 4D quantity. However, we can
use the AdS/CFT correspondence to relate it to the effective number of degrees of freedom
in the dual CFT [15, 16, 17, 18]
g∗ ∼ N2 ∼
(
1
kl4
)2
, (37)
where l4 ∼
√
~G4 is the 4D Planck length. We shall emphasize the role played by the dual
conformal field theory by calculating the Einstein tensor on the brane
Gµν(γ) = −Λ4γµν + 8πG4 [Tµν +∆Tµν ] . (38)
The braneworld corrections are all included in ∆Tµν , which is given by
∆T µν = diag(−∆ρ,∆px,∆py,∆pz), (39)
where
∆ρ =
m(3 + k2a2)
4πG4r4
+O(ρ2B), (40)
∆px =
m
(
1 +
(
3k2 + 4Λ4
3
)
a2
)
4πG4r4
+O(ρ2B), (41)
∆py = ∆pz =
m
(
1− (k2 + 2Λ4
3
)
a2
)
4πG4r4
+O(ρ2B), (42)
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with ρB = b
2/r4. Now for large r, we interpret the CFT energy as being the energy of the
bulk as measured by an observer on the brane. This goes like [15]
ECFT ≈ 2E
(
k
4πG5σ/3
)2
t˙ ∼ m(3 + k
2a2)
32πG4r
∫
dXdY dZ, (43)
where we have used equation (34) and the fact that t˙ ∼ 4πG5σ/3k2r. Given that the volume
of the brane, V ∼ r3 ∫ dxdydz = (r/2)3 ∫ dXdY dZ, we conclude that the CFT energy
density is given by
ρCFT =
ECFT
V
≈ ∆ρ. (44)
We now see explicitly why the braneworld corrections, ∆Tµν , can be associated with the
CFT stress energy tensor, 〈TCFTµν 〉, at least to leading order [15, 16, 17, 18].
Because gravity is localised in the Randall-Sundrum model at distances d≫ k−1 [13], we
might naively expect the CFT correction to be suppressed on large enough scales. In other
words, the energy density of the CFT, ρCFT ≪ ρB whenever 8πG4ρB ≪ k. However, recall
the condition Ξ = 1 − k2a2 > 0, required in order to avoid a naked singularity in the bulk.
Given the fact that a2 = 3b2/2mσ, and assuming Λ4 ≪ k2, this condition translates into the
an approximate bound on the energy density of the magnetic field,
ρB . ρCFT . (45)
It is clear that we can never suppress the energy density of the CFT relative to the magnetic
field in this construction. We do not know whether this is merely an artifact of requiring
a Schwarzschild-AdS bulk, or whether it represents something more generic, at least when
non-perturbative effects are fully taken into account.
The CFT stress energy arises from particle production, exerting additional negative pres-
sure along the x direction. This effect is so marked that the x axis actually expands faster
than the yz plane. This is in complete contrast with the standard 4D picture in which the
reverse is true, and reflects the fact CFT corrections can never be suppressed on any scale. If
this effect is generic, and also applied to more phenomenological branes worlds (eg a Bianchi
VIIh brane), it would give a potential test of the Randall-Sundrum scenario. At present
gamma-ray bursts provide the most promising means of detecting a primordial magnetic
field [47]. If we suppose that a homogeneous field is detected, and seen to point along a
certain direction, then in standard 4D GR, one would expect photons travelling from that
direction to be redshifted less than those of travelling along the orthogonal direction. As we
have just seen, the opposite would be true in a braneworld scenario, so this could indeed be
a potentially useful test of large extra dimensions. The production of CFT particles also has
the effect of damping the overall anisotropy. We will analyse this in more detail in the next
section.
4 Evidence for anisotropy dissipation in a braneworld
In the previous section, we considered the case of this Universe corresponding to a Bianchi
I brane (3), embedded in between two Schwarzschild-AdS bulk spacetimes, boosted equal
12
Figure 1: Plots show the evolution over time of the anisotropy parameter, Σ, in the 4D case,
for various values of the vacuum anisotropy component, c, and all other parameters held
fixed.
amounts in opposite directions. We would like to study the anisotropic evolution of this
solution as we adjust the various parameters, at the same time comparing them with the
standard 4D scenario discussed in section 2. To this end, it is convenient to define the
following tensor on surfaces of constant τ :
Θij = diag
(
λ˙
λ
,
r˙
r
,
r˙
r
)
. (46)
This measures the velocity of such surfaces, corresponding to the extrinsic curvature in the
absence of vorticity (for more detail, see, for example, [42]). The trace now gives the volume
expansion rate,
Θ =
λ˙
λ
+ 2
r˙
r
(47)
and whereas the traceless piece gives the the shear tensor
σij = Θ
i
j − 1
3
Θδij =
(
λ˙
λ
− r˙
r
)
diag
(
2
3
,−1
3
,−1
3
)
. (48)
A useful measure of the overall anisotropy is given by the ratio, Σ ≡ σ/H , where the shear
scalar, σ =
√
σijσji/2 and the mean expansion rate, H = Θ/3. It is straightforward to see
that Σ = 3/
√
2 for the Milne Universe and Σ = 0 for any isotropic model. Let us consider for
the moment the standard 4D solutions discussed in section 2. In the absence of any vacuum
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anisotropy (c = 0), we saw how the solution (11) and(12) approached a Milne Universe close
to the singularity, which means it started out with Σ = 3/
√
2. The solution then decreases
continuously to zero, as expected since the cosmological constant will ultimately take over
the evolution and restore isotropy at late times [5]. This behaviour is shown explicitly in
Fig. 1. In contrast, if enough vacuum anisotropy is present (c & 1), Σ will always undergo
an increasing phase, as also shown in Fig. 1, corresponding to an early era of “vacuum
anisotropy domination”. We will not pursue this particular solution any further, but it may
be an interesting topic for future research in its own right.
In the remainder of this section, we will focus on comparing the evolution of anisotropy
in various brane scenarios and in the standard 4D case with no vacuum anisotropy. There
are some obvious differences. In the standard 4D case described by equations (11) and (12),
the anisotropic parameter depends only on Λ4 and the energy density of the magnetic field
ρB = b
2/r4∗ at a given time, τ = τ∗. In contrast, the braneworld solution, also depends
on the five dimensional parameters m and k. These have a four-dimensional interpretation
in terms of the temperature and the effective number of degrees of freedom of the CFT
respectively [15, 16, 17, 18], and contribute to the CFT energy density given by equations
(40) and (44).
In all cases, the cosmological constant term will eventually dominate, and all the anisotropy
will eventually be dissipated away [5]. However, we are interested in the rate of dissipation,
before the Λ4 term starts to play a significant role. For this reason, we have chosen to plot
the averaged rate of change, Σ˙/Σ, as a function of proper time, over a period ∆τ ∼√Λ4/3
(see Fig. 2). We see that in all cases Σ˙/Σ is more negative for the braneworld than in
standard 4D GR. This means that the isotropization mechanism is indeed more efficient
on a Randall-Sundrum brane, a phenomenon we will dub braneworld isotropization, and
which we attribute to particle production in the dual CFT. A closer look at Fig. 2 reveals
that braneworld isotropization becomes more efficient for larger values of m or k (with all
the other parameters held fixed). To see why this makes sense from the CFT perspective,
consider again the first order contribution to the CFT energy momentum tensor given by
equations (40) to (42),
〈TCFTµν 〉 = ∆Tµν = T (m)µν + T (k)µν , (49)
where, using the relation a2 = 2b2/2mσ, and equation (31), we have separated out the m
and k dependent contribution like so
T (m)µν =
m
4πG4r4
diag(−3, 1, 1, 1), (50)
T (k)µν = ρBdiag
(
− k
2
2k2 + 2Λ4/3
,
3k2 + 4Λ4/3
2k2 + 2Λ4/3
,− k
2 + 2Λ4/3
2k2 + 2Λ4/3
,− k
2 + 2Λ4/3
2k2 + 2Λ4/3
)
. (51)
The first thing to note is that the m dependent piece, T
(m)
µν , is isotropic. This corresponds
to the isotropic thermal radiation produced by the finite temperature CFT [15]. Clearly,
when m is large, the CFT is very hot and a lot of this isotropic radiation is produced. It
soon dominates over the anisotropic components of energy-momentum, and anisotropy is
quickly dissipated. In contrast, the k dependent piece, T
(k)
µν , is anisotropic. This represents
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Figure 2: Plots show the rate of change of the anistropy parameter Σ˙/Σ as a function of
time (in units of a de Sitter Hubble radius for a cosmological constant Λ4). All the 4D
parameters are held fixed (i.e. Λ4, G4 and b
2 = 10−1Λ4/(8πG4)). The different curves show
how the CFT affects the early universe isotropization as a function of m for fixed k (with
k2 = Λ4) in the top plot and as a function of k for fixed m (with m = Λ4/4) in the bottom
plot. In all cases we have used a normalization of the scale factor given by r(τ∗) = 1 with
τ∗ =
1
3
× 10−2Λ4.
the response of the CFT to the anisotropy created by the matter energy-momentum tensor
(6). Because the dual CFT is coupled to gravity in the Randall-Sundrum picture, the
anisotropy leads to CFT particle production. We see explicitly how these particles exert
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positive pressure along the x-direction, in order to compensate for the corresponding negative
pressure exerted by the magnetic field. To get an idea of the net effect, we combine the two
competing anisotropic contributions
T (aniso)µν = T
µ
ν + T
(k)µ
ν ,
= ρBdiag
(
−3k
2 + 2Λ4/3
2k2 + 2Λ4/3
,
k2 + 2Λ4/3
2k2 + 2Λ4/3
,
k2
2k2 + 2Λ4/3
,
k2
2k2 + 2Λ4/3
)
. (52)
For large k, it is easy to check that the net effect is actually isotropic! Naively, we might have
expected the large k limit to coincide with the 4D case. However, as we discussed at the
end of the last section, one cannot consistently consider 8πG4ρB ≪ k, and at the same time
switch off the contribution of the CFT. The heuristic arguments presented here are a little
crude since they ignore the evolution of the scale factor r(τ), which also depends on m and
k, according to equation (36). Nevertheless, they certainly give us a rough understanding of
what is going on, and in any case, the plots given in Fig. 2 clearly demonstrate braneworld
isotropization in action.
5 Discussion
In this paper, we have explicitly demonstrated the existence of a new phenomenon, called
braneworld isotropization, by means of a concrete example. We were able to embed a mag-
netic Bianchi I braneworld in between two Schwarzschild-AdS5 spacetimes, boosted equal
amounts in opposite directions. The magnetic field breaks isotropy on the brane, and leads
to the production of thermal graviton radiation, that can carry energy-momentum into the
bulk. The boosted coordinates mean that the brane observer sees equal and opposite momen-
tum carried into the bulk by the hot gravitons leaving the brane. We can view braneworld
isotropization as anisotropic energy on the brane being dumped into the bulk. From a com-
pletely 4D point of view, we can understand this effect using the AdS/CFT correspondence.
In the Randall-Sundrum scenario, the gravitational physics in the bulk is equivalent to a
strongly coupled CFT, cut-off in the UV, and minimally coupled to gravity on the brane.
When isotropy is broken, the coupling of the CFT to gravity leads to particle production,
the required energy being drawn from the anisotropy.
This phenomenon can now be used to readily explain a number of existing results in the
literature [20, 23, 21, 22]. For example, an anisotropic brane cannot support a perfect fluid
in a static bulk [21], because the leaking of anisotropy off the brane prevents the bulk from
being static, at least when viewed by an asymptotic braneworld observer. Note that in the
solution described in this paper, we do not have a perfect fluid on the brane, and although
the bulk is static according to an asymptotic observer using Schwarzschild time, it is not
static according to an asymptotic observer using the boosted time coordinate. It is the latter
time coordinate that is used by the asymptotic braneworld observer at large r(τ).
It is worth noting that we have been able to prove that the solution presented here, along
with the known isotropic solutions [26], are the most general solutions for a Bianchi I brane
of the form (3), embedded in Schwarzschild-AdS5 with some form of “sensible” matter on the
16
brane. We have not included the proof since it is lengthy, and not particularly illuminating.
However, it does tell us that we will have to work a bit harder if we want to, say, include an
arbitrary perfect fluid on the brane in addition to the magnetic field. This is a subject for
future study. Nevertheless, we anticipate that many of the features seen here will remain, in
particular, momentum being generated in the bulk by the magnetic field on the brane, and
particle production in the CFT leading to anisotropy dissipation.
Perhaps one of the most interesting features of this work was the possibility that one
could detect a braneworld signature in the sky, as discussed near the end of section 3. In the
braneworld picture, particles are actually over-produced along the direction of the magnetic
field, so that the expansion along that direction is slower than in the orthogonal directions,
in complete contrast with what happens in standard 4D General Relativity. For this reason
it would be interesting to extend this work to other, more phenomenological, Bianchi models.
If, say, one of the spatial directions were periodic, we might expect angular momentum to
be carried into the bulk, and so we would look for an embedding in the general Myers-Perry
spacetimes [24, 25]. A perturbative study along these lines has been considered [48], although
a far more complete analysis is clearly required.
In the long term, we would like to consider a physically realistic scenario with a Bianchi
VIIh brane containing a homogeneous magnetic field along with an isotropic perfect fluid
made up of matter, radiation and a cosmological constant. Of course, this would require
an amalgamation of the ideas outlined in the previous two paragraphs. It would be very
interesting to see what effect braneworld isotropization has on the CMB, and in particular
the bounds on the size of the primordial magnetic field [31]. We must also keep in mind
constraints coming from nucleosynthesis. For example, if braneworld isotropization is too
efficient, then we might worry that CFT particle production will result in too much dark
radiation, leading to an unacceptably low baryon density parameter.
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